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Abstract—Learning unnormalized statistical models (e.g.,
energy-based models) is computationally challenging due to the
complexity of handling the partition function. To eschew this com-
plexity, noise-contrastive estimation (NCE) has been proposed by
formulating the objective as the logistic loss between the real data
and the artificial noise. However, previous research indicates that
NCE may perform poorly in many tasks due to its flat loss landscape
and slow convergence. In this paper, we study a direct approach
for optimizing the negative log-likelihood of unnormalized mod-
els through the lens of compositional optimization. To tackle the
partition function, a noise distribution is introduced such that the
log partition function can be expressed as a compositional function
whose inner function can be estimated using stochastic samples.
Consequently, the objective can be optimized via stochastic com-
positional optimization algorithms. Despite being a simple method,
we demonstrate it is more favorable than NCE by (1) establishing
a fast convergence rate and quantifying its dependence on the
noise distribution through the variance of stochastic estimators; (2)
developing better results in Gaussian mean estimation by showing
our method has a much favorable loss landscape and enjoys faster
convergence; (3) demonstrating better performance on various
applications, including density estimation, out-of-distribution de-
tection, and real image generation.

Index Terms—Noise-contrastive estimation, stochastic composit-
ional optimization, unnormalized statistical models, parameter-
free algorithms, max likelihood estimation.

I. INTRODUCTION

THIS paper studies the problem of learning unnormalized
statistical models. Suppose we observe a set of training
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samples Dn = {x1, . . . ,xn} from an unknown probability den-
sity function (pdf) pdata(x) and estimate this data pdf by

p(x; θ) =
p0(x; θ)∫
p0(x; θ)dx

, (1)

where p0(x; θ) is defined as an unnormalized model, and θ
denotes the parameter that will be learnt to fit the data. The term∫
p0(x; θ)dx in (1) is called partition function, which is used

to ensure the final model is normalized, i.e.,
∫
p(x; θ)dx = 1.

By introducing the partition function, we can use more flex-
ible structures to represent p0(x; θ). Specifically, by setting
p0(x; θ) = ef0(x;θ), the above formulation (1) reduces to the
well-known energy-based model (EBM) [1]:

p(x; θ) =
ef0(x;θ)∫
ef0(x;θ)dx

,

which enjoys wide applications in machine learning [2], [3], [4].
To find the best parameter θ, we can maximize the log-

likelihood of the observed training data. This process involves
optimizing the objective L(θ), defined as:

L(θ) = − 1

n

n∑
i=1

[log p0(xi; θ)] + log

∫
p0(x; θ)dx. (2)

However, the challenge is that the log partition function term
log

∫
p0(x; θ)dx and its gradient are difficult to calculate ex-

actly. To address this issue, prior works [5], [6], [7] resort to
Markov chain Monte Carlo (MCMC) sampling methods [8].
Considering the gradient of loss L(θ), it can be expressed as:

∇L(θ) = − 1

n

n∑
i=1

[∇p0(xi; θ)

p0(xi; θ)

]
+ Ex∼pθ

[∇p0(x; θ)

p0(x; θ)

]
,

where pθ represents the pdf p(x, θ), i.e., (1). To compute the
second term, previous literature applies several MCMC steps
to sample from pθ, and then calculates the estimated gradient.
However, this method is slow and unstable during training [9],
[10], [11], partly because approximate samples are obtained with
only a limited number of steps. As pointed out by [9] and [12],
estimating based on finite MCMC steps will produce biased
estimations, leading to optimizing a different objective other
than the original MLE loss.

To eschew the complexity of estimating the gradient of the
log partition function, the Noise-Contrastive Estimation (NCE)
method [13] has been proposed, which transforms the original
problem into a classification task. Specifically, NCE introduces
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a noise distribution q(x), and then aims to optimize the extended
model parameter τ = (θ, α) by minimizing the following loss
function:

J (τ) = −Ex∼pdata log h(x, τ)− Ex∼q log(1− h(x, τ)),

where h(x, τ) = 1/(1 + e−(log p0(x,θ)−log q(x)−α)), and the pa-
rameter α is used to estimate the log partition function, i.e.,
α = log

∫
p0(x; θ)dx. This new objective can be interpreted as

the logistic loss to distinguish between noise and real data. In
practice, the first term is estimated using n observed training
examples, and the second term is evaluated with noise samples.

However, as pointed out in many works [10], [14], if the noise
distribution q is very different from the data distribution pdata,
this classification problem would be too easy to solve and the
learned model may fail to capture adequate information about the
real data distribution. In particular, [15] demonstrates that when
q and pdata are not close enough, the loss J (τ) is extremely flat
near its optimum, leading to the slow convergence rate of NCE
method.

In this paper, we explore an alternative approach to directly
optimizing the MLE objective by transforming it into a stochas-
tic compositional optimization (SCO) problem. To deal with
the partition function, we introduce a noise distribution q(x),
and then convert the log partition function log

∫
p0(x; θ)dx into

logEx∼q[
p0(x;θ)
q(x) ]. Then, the objective function (2) becomes:

L(θ) = − 1

n

n∑
i=1

[log p0(x; θ)] + logEx∼q

[
p0(x; θ)

q(x)

]
,

which can be written as a two-level SCO problem. Since SCO
has been studied extensively, state-of-the-art algorithms can be
employed to solve the above problem. However, besides its
simplicity, a major question remains: What are the advantages of
this approach compared with NCE and MCMC-based methods
for learning unnormalized models? Our main contributions are
to demonstrate the following advantages of our method through
theoretical analysis and empirical studies:

1) We propose to solve the unnormalized models by Maxi-
mum likelihood Estimation via Compositional Optimiza-
tion (MECO) and prove that our algorithm converges
asymptotically to an optimal solution under the Polyak-
Łojasiewicz (PL) condition, and establish a fast conver-
gence rate of O(1/ε) for achieving an ε-optimal solution.
In contrast, NCE and MCMC-based approaches do not
provide such guarantees.

2) We prove through one-dimensional Gaussian mean esti-
mation that the MLE objective enjoys a more favorable
loss landscape than the NCE objective, and establish a
faster convergence rate of our algorithm than a state-of-
the-art NCE-based approach [15] for this task.

3) We illustrate the better performance of our method
on different tasks, including density estimation, out-of-
distribution detection, and real image generation. For the
last task, we show that the choice of the noise distribution
has a significant impact on the quality of generated data
in line with our theoretical analysis.

A preliminary version of this paper was presented at the
40th International Conference on Machine Learning [16]. In
this paper, we have enriched the initial version by incorporating
the following significant extensions.

1) The MECO method requires knowing problem-dependent
variables, such as smoothness and Lipschitz constant, to
set hyperparameters, which are hard to know in practice.
To address this limitation, we introduce a Parameter-Free
version of MECO (PF-MECO), which eliminates the need
to know these variables. Since PF-MECO can adjust hy-
perparameters automatically, it significantly reduces the
requirement for extensive hyperparameter tuning.

2) Although the MECO method provides convergence guar-
antees for the problem, we are not sure whether this con-
vergence rate is optimal or not. In this paper, we propose
the Optimal MECO (OP-MECO) method, which achieves
an improved and optimal rate for non-convex functions,
reducing the complexity from O(ε−4) to O(ε−3).

3) By using a two-phase design and a weighting strategy, we
improve the rate of MECO for PL objectives, and establish
the rate for convex functions. Furthermore, we develop a
variant of the OP-MECO algorithm to achieve a better and
optimal convergence for convex and PL functions.

4) We compare the newly proposed algorithms, PF-MECO
and OP-MECO, with existing methods in three different
tasks, and numerical results demonstrate that the OP-
MECO algorithm performs better in many cases, validat-
ing the effectiveness of the newly proposed methods.

A comparison between this paper and its earlier conference
version is provided in Table I.

II. RELATED WORK

This section reviews related work on noise-contrastive estima-
tion, other methods for learning unnormalized models, energy-
based models, and stochastic compositional optimization.

A. Noise-Contrastive Estimation

Noise-contrastive estimation (NCE) is first proposed by [13],
[17], and gains its popularity in various machine learning appli-
cations quickly [18], [19], [20], [21], [22]. The basic idea is to
introduce a noise distribution, and then distinguish it from the
data distribution by a logistic loss. As pointed out in previous
works [10], [14], [15], the selection of an appropriate noise
is crucial to the success of NCE, and [23] showed that the
commonly used Gaussian noise is problematic in practice. As
a result, many methods have been proposed to tune the noise
automatically. For example, [24] utilizes a learned adversarial
distribution as the noise, and [25] generates noise samples with
the help of the observed data. Afterward, [10] proposes Flow
Contrastive Estimation, using a flow model to learn the noise
distribution by joint training. However, these methods usually
introduce extra computation, and the adversarial training of the
noise is slow and complex. Instead of designing more com-
plicated noise, [15] recently proposed a new objective named
eNCE, which replaces the log loss in NCE with an exponential
loss. Yet, eNCE still suffers from the ill-behaved loss landscape,
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TABLE I
SUMMARY OF DIFFERENCES BETWEEN THIS PAPER AND THE CONFERENCE VERSION

which is extremely flat near the optimum. A more recent and
comprehensive understanding can be found in the paper [26],
which offers a unified perspective on various methods for learn-
ing unnormalized distributions through NCE.

B. Other Methods for Learning Unnormalized Models

Except for NCE and its variants, there are several alterna-
tive approaches to solve unnormalized models. To bypass the
partition function, score matching [27] is proposed to optimize
the squared distance between the gradient of the model’s log
density and that of the observed data, thereby excluding the
partition function from calculations. However, the output di-
mension of score matching is the same as the input, and training
such a model is expensive and unstable, especially for high-
dimensional data [28], [29]. Besides that, optimizing the MLE
objective with Markov chain Monte Carlo (MCMC) sampling
is also widely used. One well-known method is Contrastive
Divergence (CD) introduced by [5], which employs MCMC
sampling for a fixed number of steps. To sample more efficiently,
[6] initializes the MCMC in each training step with the outcome
of the previous sampling and names this method as persistent
CD. Other variants of CD have also been proposed later, such
as modified CD [30], adversarial CD [31], etc.

C. Energy-Based Models

Energy-Based Models (EBMs) are a typical class of unnor-
malized probabilistic models, which have been successfully
applied in various domains, including image generation [2], [32],
discriminative learning [4], natural language processing [33],
density estimation [34] and reinforcement learning [35]. Recent
advancements have focused on addressing challenges in training
EBMs, particularly the difficulty of estimating the partition
function. Techniques such as contrastive divergence [5], score
matching [36], [37], and noise contrastive estimation [38] have
been developed to facilitate effective training. Additionally,
methods like Langevin dynamics [39] and Hamiltonian Monte
Carlo sampling [40] have been employed to improve sampling
efficiency. On top of that, [41] and [42] employ a generator
as a fast sampler to help EBM training. However, the main
drawback of most methods is that the sampling step is usually
time-consuming and unstable during training [9], [10], [11].

D. Stochastic Compositional Optimization

Stochastic Compositional Optimization (SCO) has been in-
vestigated extensively in the literature. The objective of a two-
level SCO is defined as Eξ1 [fξ1(Eξ2 [gξ2(θ)])], where ξ1 and

ξ2 are random variables. To solve this problem, [43] develops
stochastic compositional gradient descent, which achieves a
complexity of O(ε−7), O(ε−3.5), and O(μ−14/4ε−5/4) for non-
convex, convex, and μ-strongly convex functions, respectively.
These complexities are further improved to O(ε−4.5), O(ε−2)
and O(ε−1) in a subsequent work [44]. To obtain a better
rate, [45] propose the NASA algorithm, which incorporates a
momentum-update technique to estimate the inner function and
the gradient, and attains a complexity of O(ε−4) for non-convex
objectives. Recently, with the popularity of variance reduction
methods such as SARAH [46], SPIDER [47] and STORM [48],
this complexity is further improved to O(ε−3), by estimating
the inner function and the gradient with variance-reduction
techniques [49], [50], [51], [52], [53], [54].

III. MAXIMUM LIKELIHOOD ESTIMATION VIA COMPOSITIONAL

OPTIMIZATION

We first present our proposed algorithm for solving unnor-
malized models, and then discuss the advantages of the MLE
formulation. Finally, we analyze the convergence rate of our
method, as well as its relationship with the noise distribution.

A. The Proposed Method

In this subsection, we propose to learn unnormalized models
by Maximum Likelihood Estimation via Compositional Opti-
mization (MECO). First, with a noise distribution q(x), the MLE
objective function (2) can be reformulated as:

L(θ) = − 1

n

n∑
i=1

[log p0(xi; θ)] + logEx∼q

[
p0(x; θ)

q(x)

]
.

However, optimizing this objective is still challenging due to
the nested structure of the second term. Specifically, we can not
acquire its unbiased estimation by sampling from q(x), since
the expectation cannot be moved out of the log function, i.e.,
Ex∼q[log

p0(x;θ)
q(x) ] �= logEx∼q[

p0(x;θ)
q(x) ]. Due to similar reasons,

we also can not obtain an unbiased estimation of its gradient,
which is the main obstacle to deriving an algorithm with con-
vergence guarantees.

To address this challenge, we treat logEx∼q[
p0(x;θ)
q(x) ] as a

compositional function. In this formulation, log(·) is the outer
function, and Ex∼q[

p0(x;θ)
q(x) ] serves as the inner function, which

can be unbiased-estimated by sampling from q(x). Inspired by
the NASA method [45] for solving stochastic compositional
optimization (SCO), we employ variance-reduced estimators to
approximate both the inner function and the gradient, so that
the estimation errors can be reduced over time. Specifically,
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Algorithm 1: MECO.

1: Input: Initial points (θ1,u1,v1), sequence {ηt, γt, βt}
2: for time step t = 1 to T do
3: Sampling zt from {x1, . . . ,xn} and z̃t from q(x)
4: Update estimator ut according to (3)
5: Update estimator vt according to (4)
6: Update the weight: θt+1 = θt − ηtvt

7: end for
8: Choose τ uniformly at random from {1, . . . , T}
9: Return θτ

considering the gradient of the objective, we have:

∇L(θ) = − 1

n

n∑
i=1

[∇p0(x; θ)

p0(x; θ)

]
+

Ex∼q

[
∇p0(x;θ)

q(x)

]
Ex∼q

[
p0(x;θ)
q(x)

] .

To estimate this gradient, at each step t, we first draw sample zt
from the training set {x1, . . . ,xn}, and sample z̃t from the noise
distribution q(x). Then, we approximate Ex∼q[

p0(x;θ)
q(x) ] using a

function estimator ut in the style of momentum update:

ut = (1− γt)ut−1 + γt
p0(z̃t; θt)

q(z̃t)
. (3)

When evaluating the gradient, we use ut to approximate the
term Ex∼q[

p0(x;θ)
q(x) ] in the denominator. Similarly, we employ

a gradient estimator vt to track the overall gradient ∇L(θ) by
another momentum update:

vt = (1− βt)vt−1 + βt

(
−∇p0(zt; θt)

p0(zt; θt)
+

1

ut

∇p0(z̃t; θt)

q(z̃t)

)
.

(4)

Although the estimators ut and vt are still biased, it can be
proved that their estimation error is reduced over time. After
obtaining the gradient estimator vt, we use it to update the pa-
rameter θt in the style of SGD. The whole algorithm is presented
in Algorithm 1. Note that in the first iteration, we can initi-
ate the estimators as u1 = p0(z̃1;θ1)

q(z̃1)
and v1 = −∇p0(z1;θ1)

p0(z1;θ1)
+

1
u1

∇p0(z̃1;θ1)
q(z̃1)

.
Difference from NASA: The optimization method we used is

a modified version of NASA for SCO problems [45]. Compared
with the original NASA applied to constrained SCO, our method
does not need to project the variable θ onto the feasible set
and is thus simpler. Additionally, we introduce a parameter-free
version of MECO later, which is more practical to use. Another
difference from NASA lies in the improved rate we will derive
for an objective satisfying the PL condition or convexity, which
is not covered in their original work.

Difference from energy-based model (EBM) training: Derived
from SCO, our algorithm fundamentally differs from standard
EBM training. By setting p0(x; θ) = ef0(x;θ), the unnormalized
model converts to an EBM, and our gradient estimator vt is

represented as:

(1− βt)vt−1 + βt

(
−∇f(zt; θt) +

ef(z̃t;θt)

q(z̃t)ut
∇f(z̃t; θt)

)
.

In contrast, EBM usually optimizes the objective function
L′(θ) = −Ez∼pdata [f(z; θ)] + Ez̃∼q[f(z̃; θ)], with the stochastic
gradient expressed as∇L′(θt) = −∇f(zt; θt) +∇f(z̃t; θt). In
this sense, our method can be viewed as introducing an adaptive

weight ef (̃zt;θt)

q(z̃t)ut
to the second term and applying SGD with

momentum to update the model.

B. Advantages of the MLE Formulation

Since we use MLE to optimize unnormalized models, our
objective inherits several nice properties. Here, we analyze the
behavior of the estimator θ̂ = argminθ L(θ) for large sample
sizes and assume that there exists an optimal solution θ∗ such
that p(x, θ∗) = pdata(x). To facilitate the comparison of different
estimators, we introduce the concept of asymptotic relative
efficiency (ARE) [55] below.

Definition 1: For any two estimators R and S with
√
n (R− θ∗)� N

(
0, r2

)
,
√
n (S − θ∗)� N

(
0, s2

)
,

the ARE of S to R is defined as ARE(S,R) = r2/s2.
Remark: From the definition, we know that ARE(S,R) < 1

indicates estimator R is more efficient than estimator S.
Theorem 1: According to the property of MLE [56], the

estimator θ̂ enjoys the following guarantees:
1) (Consistency): The estimator θ̂ converges in probability

to θ∗, i.e., θ̂
P→ θ∗.

2) (Asymptotically Normality):
√
n(θ̂ − θ∗)� N(0, ŝe2),

where ŝe can be computed analytically.
3) (Asymptotically Optimally): Denote that θ̃ is the output of

any other estimator, then ARE(θ̃, θ̂) ≤ 1.
Remark: The last property implies that the MLE objective

has the smallest variance, indicating it is more efficient than
optimizing other objectives, e.g., the NCE objective.

C. The Convergence of the Proposed Method

Then, we examine the convergence of Algorithm 1. First, we
define the sample complexity to measure the convergence rate,
which is commonly used in stochastic optimization.

Definition 2: The sample complexity refers to the number
of samples needed to find a point satisfying E[‖∇L(θ)‖] ≤ ε
(ε-stationary), or E[L(θ)− infθ L(θ)] ≤ ε (ε-optimal).

For notation simplicity, we denote g(θ) = Ex∼q[
p0(x;θ)
q(x) ],

h(θ) = − 1
n

∑n
i=1[log p0(xi; θ)], f(·) = log(·), estimator

g(θ; z̃) = p0(z̃;θ)
q(z̃) and h(θ; z) = − log p0(z; θ), where z̃ and z

are samples drawn from q and Dn = {x1, . . . ,xn}. Next, we
make the following assumptions, which are commonly used in
SCO problems [49], [57], [58], [59], [60].

Assumption 1: We assume that (i) the functions f(·), g(·),
h(·) are Lipschitz continuous and smooth with respect to their
inputs; (ii) L is lower bounded by L∗.
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Assumption 2: There exist constant σg, ζg, ζh such that

Ez̃∼q(z̃)

[
‖g(θ; z̃)− g(θ)‖2

]
≤ σ2

g ,

Ez̃∼q(z̃)

[
‖∇g(θ; z̃)−∇g(θ)‖2

]
≤ ζ2g ,

Ez∼Dn

[
‖∇h(θ; z)−∇h(θ)‖2

]
≤ ζ2h.

Remark: In Assumption 1, f(·) is Lipschitz and smooth in
terms of its input when p0(z̃; θ)/q(z̃) ≥ c, where c is a posi-
tive constant. Assumption 2 assumes that the variances of the
estimation for g(θ),∇g(θ) andh(θ) by sampling from the corre-
sponding distributions are bounded. As a result, although these
assumptions seem strong at first glance, they can be satisfied
for many practical scenarios. Also, these assumptions may be
relaxed to weaker generalized Lipschitz and affine variance [61],
[62], [63] with more careful analysis.

We first derive an asymptotic convergence, demonstrating that
Algorithm 1 can converge to a stationary point of L(θ).

Theorem 2: Assume that the sequence of stepsizes satisfies∑∞
t=1 ηt = +∞,

∑∞
t=1 η

2
t < ∞. Then with probability 1, accu-

mulation point (θ′,u′,v′) of the sequence {θt,ut,vt} generated
by Algorithm 1 satisfies the following conditions:

∇L(θ′) = 0, u′ = g(θ′), v′ = ∇L(θ′).
Next, we present the non-asymptotic convergence result.
Theorem 3: For non-convex function L(·), by setting ηt =

O(ε2),βt = γt = O(ε2), Algorithm 1 finds an ε-stationary point

in T = O(max{ 1
ε2 ,

(σ2
g+ζ2

g+ζ2
h)

ε4 }) iterations.
Notably, in the above analysis of Theorem 3, we need to know

values of Lipschitz and smoothness constant, as well as variances
σg, ζg, ζh, to appropriately set hyperparameters ηt, βt, and γt
in the algorithm. However, these values are typically difficult
or even impossible to know in practice, making the proposed
method impractical to use or rely on extensive hyperparameter
tuning. To overcome this limitation, we develop a parameter-
free algorithm that autonomously sets the learning rates and
momentum parameters, eliminating the need for any problem-
dependent variables. Specifically, we still use the framework of
MECO (Algorithm 1), but design the momentum parameters βt

and γt to decrease over time in the style of

βt = γt = t−1/2. (5)

The learning rate is then determined based on the momentum
parameter and the historical values of the gradient estimator:

ηt =
(
Σt

i=1

(
‖vi‖2 /βA

i+1

))−B

, (6)

where we set AB +B = 1 and B < 1/2. In practice, we can
simply set B = 1/3 and A = 2 to avoid further tuning. We call
this method Parameter-Free MECO (PF-MECO). With such
a design, the hyperparameter values are independent of the
smoothness constant or variance, and PF-MECO maintains a
similar convergence as that of the original MECO method.

Theorem 4: For non-convex function L(·), PF-MECO finds

an ε-stationary point in T = O(
1+σ2

g+ζ2
g+ζ2

h

ε4 ) iterations.

Algorithm 2: MECO-v2.
Replace Step 8 of Algorithm 1 with the following:
1: Sample τ from {1, . . . , T} based on weights {wt}t∈[T ]

D. Improved Convergence Under Stronger Conditions

Another significant contribution of our analysis is to demon-
strate that by properly setting hyperparameters, Algorithm 1 can
achieve a faster convergence rate when the objective satisfies
the Polyak-Łojasiewicz (PL) condition [64] or convexity. We
present the definition of the PL condition as follows:

Definition 3: L(θ) satisfies the μ-PL condition if there exists
μ > 0 such that 2μ(L(θ)− L∗) ≤ ‖∇L(θ)‖2.

Remark: The PL condition has been shown to be satisfied
for deep learning under over-parameterized networks by sev-
eral prior works [65], [66]. Under this condition, a stationary
point θ′ becomes a global optimal solution for the objective
L. Consequently, our algorithm is guaranteed to asymptotically
converge to an optimal solution θ̂ = argminL(θ) according to
Theorem 2. Next, we show the improved complexity under the
PL condition as stated below.

Theorem 5: When the objective satisfies μ-PL condition,
by setting that γt+1 = βt+1 = O(max{1, μ}ηt) and 1− μηt =
η2t /η

2
t−1, Algorithm 1 can find an ε-optimal solution in T =

O(max{ 1
μ
√
ε
,
(σ2

g+ζ2
g+ζ2

h)

με ,
(σ2

g+ζ2
g+ζ2

h)

μ2ε }) iterations.
Remark: We emphasize that the above convergence for a

single-loop algorithm is novel in SCO. Existing methods for
SCO usually have to employ two-loop methods to obtain similar
results under the PL condition [49], [52], [67].

We note that in Theorem 5, when the variance is zero, i.e.,
σ2
g + ζ2g + ζ2h = 0, the complexity would reduce to O( 1√

ε
).

However, the optimal rate is known to be O(ln(1/ε)) for this
case, implying the rate we obtained is still improvable. To
achieve this, we develop MECO-v2 method in Algorithm 2.
The first difference lies in the setup of the learning rate ηt,
which is divided into two phases. In the first phase, we use a
constant learning rate ηt = η0, and in the second phase, we use a
decreasing learning rate on the order ofO(1/(μt)). Specifically,
our new learning rate is written as

ηt =

{
η0 if t ≤ T/2

4
μ(t+k−T/2) else ,

where k is some positive constant. Furthermore, in the orig-
inal MECO method, we choose τ uniformly at random from
{1, . . . , T} and return θτ in the final step (Step 8 and 9in Algo-
rithm 1), which means that E[θτ ] = 1

T

∑T
t=1 θt. Here, instead

of choosing the decision variable uniformly, we assign weight
wt for each θt, so that E[θτ ] =

∑T
t=1

wt∑T
t=1 wt

θt. In our method,

we only use the decision variable θt in the second phase, and
the weight is inversely proportional to the learning rate, so that
the latest solution would get more weight. The whole weighting
strategy is designed as

wt =

{
0 if t ≤ T/2
1
ηt

else .
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Algorithm 3: OP-MECO.

1: Input: Initial points (θ1,u1,v1), sequence {ηt, γt, βt}
2: for time step t = 1 to T do
3: Sampling zt from {x1, . . . ,xn} and z̃t from q(x)
4: Update estimator ut according to (7)
5: Update estimator vt according to (8)
6: Update the weight: θt+1 = θt − ηtvt

7: end for
8: Choose τ uniformly at random from {1, . . . , T}
9: Return θτ

By such a design, we can obtain a better complexity, which is
stated as follows.

Theorem 6: Our MECO-v2 method can find an ε-optimal

solution within O(max{ 1
μ ln 1

ε ,
(σ2

g+ζ2
g+ζ2

h)

με ,
(σ2

g+ζ2
g+ζ2

h)

μ2ε }) iter-
ations, when the objective satisfies μ-PL condition,.

Remark: In this case, we can achieve the optimal O(ln(1/ε))
sample complexity when the variance vanishes.

Next, we also present the convergence for general convex
objective functions, as stated below.

Theorem 7: When the objective is convex, our method can
find an ε-optimal solution in T = O(ε−3) iterations.

IV. IMPROVED AND OPTIMAL CONVERGENCE FOR MECO

In the previous section, we show that our MECO algorithm
can achieve a complexity of O(ε−4), O(ε−3), O(μ−2ε−1) for
non-convex, convex, and μ-PL objective functions, respectively.
However, these rates are not optimal since they fail to match the
corresponding lower bounds of the problem [68], [69]. In this
section, we improve these complexities to their optimal levels by
incorporating an additional error correction term. The proposed
method is presented in Algorithm 3, called Optimal MECO (OP-
MECO). The basic framework is similar to the MECO method,
and the main difference is the STORM-based estimators [48] we
used.

Specifically, we evaluate Ex∼q[
p0(x;θ)
q(x) ] by the estimator ut:

ut = (1− γt)ut−1 + γt
p0(z̃t; θt)

q(z̃t)

+ (1− γt)

(
p0(z̃t; θt)

q(z̃t)
− p0(z̃t; θt−1)

q(z̃t)

)
, (7)

where the last term can be viewed as an error correction term.
This adjustment ensures that the error of our estimation would
be reduced more quickly. When evaluating the overall gradient
∇L(θ), we employ a similar estimator vt as:

vt = (1− βt)vt−1 − ∇p0(zt; θt)

p0(zt; θt)
+

1

ut

∇p0(z̃t; θt)

q(z̃t)

+(1− βt)

(
−∇p0(zt; θt−1)

p0(zt; θt−1)
+

1

ut−1

∇p0(z̃t; θt−1)

q(z̃t)

)
. (8)

In the first iteration, we set the estimator as u1 = p0(z̃1;θ1)
q(z̃1)

and v1 = −∇p0(z1;θ1)
p0(z1;θ1)

+ 1
u1

∇p0(z̃1;θ1)
q(z̃1)

. In order to achieve a

parameter-free design, we adopt a similar technique of PF-
MECO, but with a smaller momentum parameter set as

βt = γt = t−2/3. (9)

We still define the learning rate as

ηt =
(
Σt

i=1

(
‖vi‖2 /βA

i+1

))−B

, (10)

but with 2AB +B = 1 and B < 1/2 this time. In practice,
we can simply set B = 1/3 and A = 1. Next, we present the
convergence of OP-MECO as stated below.

Theorem 8: For non-convex function L(·), OP-MECO
reaches an ε-stationary point in T = O(ε−3) iterations.

Remark: The O(ε−3) complexity is much better than the
O(ε−4) complexity of the original MECO algorithm, aligning
with the lower bound for non-convex functions [69].

Additionally, with the error correction term, the OP-MECO
method can be utilized to achieve improved convergence rates
for convex functions or objectives that satisfy the PL condition.

Theorem 9: When the objective function satisfies the μ-PL
condition, our OP-MECO algorithm can be used to attain an
ε-optimal solution with a sample complexity of O(μ−1ε−1).

Theorem 10: For convex functions, OP-MECO can be ap-
plied to find an ε-optimal solution with a complexity of O(ε−2).

Remark: Notably, our results demonstrate optimal complexi-
ties when the objective is convex or satisfies the PL condition.
For smooth and convex functions, our approach matches the
O(ε−2) lower bound for this problem [68]. In the context of
the PL condition, there exists O(μ−1ε−1) lower bound for the
μ-strongly convex setting [68], which is a special case of the PL
condition, thus proving the optimality of our method.

V. CHOOSING THE NOISE DISTRIBUTION

Similar to Noise-Contrastive Estimation (NCE), our approach
also relies on a noise distribution q(z̃). The difference is that
the noise distribution only affects the convergence rate of our
method, not the optimal solution. According to Theorem 2,
our algorithm is guaranteed to converge to a stationary point
or a globally optimal solution (under PL condition) of the
MLE objective, as long as q(z̃) is positive whenever p0(z̃; θ) is
positive, no matter what the noise distribution is. In contrast, for
NCE, the noise distribution directly affects its objective function.
It has been noted that if the noise distribution is too different
from the data distribution, the classification problem becomes
too easy, which prevents the model from learning much about
the data structure [13]. In our method, the impact of q(z̃) on
the convergence rate is through the variances of g(θ; z̃) and
∇g(θ; z̃). From our theoretical results (e.g., Theorems 3 and 5),
we can see that if the variance is zero, then the noise distribution
has no impact on the convergence rate. We show the condition
to achieve zero variance below.

Lemma 1: If q(z̃) = p(z̃; θ), then σ2
g = 0 and ζ2g = 0.

Remark: However, the above choice is impractical, as sam-
pling directly from p(z̃; θ) is not easy, and the dependence of
q(z̃) on θ would also make our convergence analysis fail. In
practice, we can only hope q(z̃) is close to p(z̃; θ).
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TABLE II
RUNNING TIME OF EACH METHOD (UNIT: SECONDS)

Besides, to ensure the partition function
∫
p0(z̃; θ)dz̃ can

be written as Ez̃∼q[
p0(z̃;θ)
q(z̃) ], we should guarantee that q(z̃) > 0

whenever p0(z̃; θ) > 0. This is also required in NCE, which
is not difficult to satisfy, since many continuous probability
distributions can ensure their probability density functions are
always positive, e.g., Gaussian, Laplace, and Cauchy distribu-
tions. Thus, our analysis suggests the following guidelines:

1) Choose a noise distribution q(z̃) that can be easily sampled
and computed.

2) Ensure q(z̃) > 0 whenever p0(z̃; θ) > 0.
3) Select a noise distribution that is similar to p(z̃; θ) or the

data distribution pdata(z̃).
To satisfy the last two properties, we can sample the real

data and add some noise to it. Specifically, to generate sam-
ples z̃ ∼ q(z̃), we first draw a sample x′ ∼ Dn, z′ ∼ N (μ,Σ),
and then define z̃ = x′ + z′. Considering Dn = {x1, . . . ,xn}
and denoting the probability density function of N (·;μ,Σ) as
κ(·), the noise distribution would be q(z̃) = 1

n

∑n
i=1 κ(x− xi),

which can be effectively approximated within the mini-batch in
practice. To ensure that the noise is similar to the data, we can fit
the parameters μ and Σ by a subset of the training data. This can
be readily accomplished using existing numpy functions, such
as numpy.mean() and numpy.cov(). In our empirical studies,
this strategy is beneficial for high-dimensional problems like
image generation. For simpler tasks, such as density estimation
and out-of-distribution detection, we can simply set the noise
as a multivariate Gaussian distribution, which is very fast and
easy to sample from. Since more complex noise would introduce
additional computations, it is a trade-off in practice.

Finally, it is worth noting that the influence of the noise
distribution can be mitigated by increasing the mini-batch size
used for estimating g(θ) and ∇g(θ). If the mini-batch size for
noisy samples is B, then the variance σ2

g and ζ2g will be scaled
by B. Hence, the larger the batch size, the less impact of the
noise distribution on the convergence rate.

VI. CASE STUDY: GAUSSIAN MEAN ESTIMATION

As pointed out by [15], the reason that NCE may fail to learn
a good parameter is due to its flat loss landscape. To verify this
claim, they employ one-dimensional Gaussian mean estimation
as an example and show the slow convergence of NCE for this
simple task. To demonstrate the effectiveness of our method,
we use the same task to show the behavior of our loss and the
proposed optimization method. Following their experimental
setup, both the data and noise distributions are modeled as
Gaussian distributions with mean θ∗ and θq respectively, and
the variances are both fixed as 1, i.e.,

pdata(x) =
1√
2π

e−
(x−θ∗)2

2 , q(x) =
1√
2π

e−
(x−θq)2

2 .

Fig. 1. The loss landscape of three objectives (the optimal parameterθ∗ = 16).

Then, assume that the model is another Gaussian distribution
with mean θ and variance 1, which is equivalent to setting
p0(x; θ) = eθx−

1
2x

2
. The goal is to learn the parameter θ, or

τ(θ) = (θ, θ2

2 + log
√
2π) for NCE.

First, we show the flatness of NCE loss below.
Proposition 1. (Proposition 4.2 in [15]): Denote R = |θ∗ −

θq| and J (·) is the NCE loss. Then, it holds that J (τ)−
J (τ ∗) ≤ R exp (−R2/8)‖τ − τ ∗‖2, where τ ∗ is the optimal
solution.

Remark: If θ∗ and θq are not close enough, the difference
between J(τ) and J(τ ∗) will be extremely small when τ ap-
proaches τ ∗, implying a flat landscape.

In contrast, it is not a problem for the MLE objective L(·) that
we optimize, since we have the following proposition.

Proposition 2: For 1-d Gaussian mean estimation, the MLE
objective satisfies that L(θ)− L(θ∗) = 1

2‖θ − θ∗‖2.
Remark: Compared with NCE, the MLE objective does not

have the extremely small factor R exp (−R2/8), and thus has a
much favorable loss landscape near the optimum.

To illustrate this difference more vividly, we plot the loss
landscape of the NCE objective and the MLE objective, as well
as the newly proposed eNCE objective [15]. Following the same
setup as [15], we set θq = 0 and θ∗ = 16. The results are depicted
in Fig. 1. As can be seen, both the NCE and eNCE objectives
are very flat near the optimal solution, while the MLE objective
presents a much sharper landscape near the optimum. Moreover,
we present the convergence rate of our method for this task, as
stated below.

Proposition 3: For 1-d Gaussian mean estimation, Algo-
rithm 1 ensures L(θ)− L∗ ≤ ε after T = O(ε−1) iterations.

Remark: Although [15] demonstrates that ‖τ − τ ∗‖ ≤ ε can
be achieved within O(ε−2) iterations, by using normalized
gradient descent (NGD) for the NCE or eNCE objective, their
assumptions are very strong. They assume the algorithm can
access to the exact gradient, which is impossible in practice. In
contrast, our analysis only relies on stochastic gradients. Also
note that NCE optimized with standard gradient descent requires
an exponential number of steps to find a reasonable parameter,
according to [15].

Finally, we conduct experiments to compare different meth-
ods. We choose the mean square error (MSE) ‖θ − θ∗‖2 as
the criterion and compare our method with NCE trained by
SGD and NGD, MCMC training [2], and the eNCE objective
trained with NGD. The results are presented in Fig. 2, which
clearly illustrate that our method converges more quickly than
other methods, and NCE is the slowest due to its flat loss
landscape. We run each method for 100 steps, and we report
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TABLE III
RESULTS ON SYNTHETIC DATA IN TERMS OF MMD (LOWER IS BETTER)

TABLE IV
RESULTS ON SYNTHETIC DATA IN TERMS OF FID (LOWER IS BETTER)

Fig. 2. Results for 1-d Gaussian mean estimation.

the running time of each method in Table II (unit: seconds),
where the experiments are conducted on a personal laptop
equipped with an Intel i7-10750H CPU and an NVIDIA 1650Ti
GPU. It can be seen that the running time of NCE and our
method is very similar, while the MCMC method is much
slower.

VII. EXPERIMENTS

In this section, we conduct experiments on three different
tasks, and compare our methods with NCE, MCMC training,
Normalizing Flows [70], NCE and eNCE optimized by NGD,
etc. For our method, we set the hyperparameters γ = 0.1 and

β = 0.9. Although we do not tune γ and β, we show the
results for different hyperparameters in the Appendix, available
online (β within range {0.8, 0.9, 0.99} and γ within the range
{0.01, 0.1, 0.2}), which indicates that our method is not very
sensitive to the choice of β and γ within a certain range. For
MCMC training, the number of sampling steps is searched from
the set {20, 50, 100} and we use Langevin dynamics [71] as
the sampling approach. For all tasks, we tune the initial learning
rates from {1e−1, 1e−2, 1e−3, 1e−4} and pick the best one. In
this section, all methods are trained with the same training time.
Experiments in Sections VII-A and VII-B are conducted on a
personal laptop with an Intel i7-10750H CPU and an NVIDIA
1650Ti GPU, and experiments in Section VII-C are trained on
four NVIDIA Tesla V100 GPUs. All the results in the experiment
part are averaged over 20 runs.

A. Density Estimation on Synthetic Data

First, we focus on density estimation on synthetic data. Fol-
lowing the experimental setup of the previous literature [9], [72],
we sample a set of 2D data points as the training set, according
to some data distribution pdata(x), visualized at the top of Fig. 3.
Then we train unnormalized models p0(x; θ) = ef0(x;θ) to learn
this distribution, where f0(x; θ) is a multi-layer perceptron
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TABLE V
OOD DETECTION RESULTS (AUROC↑, AUPRC↑ AND FRP80↓) FOR MODELS TRAINED ON CIFAR-10

TABLE VI
AVERAGE NEGATIVE LOG-LIKELIHOOD (SMALLER IS BETTER)

Fig. 3. Visualization of density on synthetic datasets.

(MLP) with 3 hidden layers and 300 units per layer. For NCE,
eNCE, and our method, the noise distribution is selected as a
multivariate Gaussian distribution, whose mean and variance
are fitted on the training set.

To quantify the performance of different methods, we adopt
the maximum mean discrepancy (MMD) [73] as the criterion.

The MMD metric is widely used to compare different distribu-
tions, and a lower MMD value indicates that the two distributions
are more similar. We sample 10,000 points from the data distri-
bution and the learned model, and the computed MMD metric
is shown in Table III. As can be seen, our OP-MECO method
enjoys the lowest MMD in all methods for most cases, indicating
the superiority of the proposed method. Also, we report the
Frechet Inception Distance (FID) score of each method, which
is another widely used measure in comparing distributions. The
results are presented in Table IV, and our OP-MECO method
enjoys better FID scores than other algorithms (smaller is better).
Besides, we compare the estimated density and the ground-
truth in Fig. 3, showing that our method learns the density
accurately in most cases. Finally, we investigate the behavior
of our MECO algorithm with different values of γ and β in
Appendix N, available online.
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Fig. 4. Generated digits using MECO (left) and OP-MECO (right) via MCMC
sampling.

B. Out-of-Distribution Detection

Next, we experiment on out-of-distribution (OOD) detection,
which is an important measure of the density estimation quality.
For this task, we choose CIFAR-10 [74] as the in-distribution
data. We use the energy-based model as our unnormalized
model, by setting p0(x; θ) = ef0(x;θ), where f0(x; θ) is a 40-
layer WideResNet [75]. The noise distribution for NCE, eNCE,
and our method is selected as the multivariate Gaussian dis-
tribution which is fitted on the training set, and we use Adam
to optimize. For the OOD test dataset, we use four common
benchmarks: CIFAR-10 Interp, SVHN [76], CIFAR-100 [74],
and LSUN [77]. We decide whether a test samplex is anomalous
or not by computing the density p0(x; θ), where a higher value
indicates the test sample is more likely to be a normal sample.

To measure the performance of different methods, we fol-
low previous works [11], [78], [79] to choose three metrics to
compare: (1) area under the receiver operating characteristic
curve (AUROC↑); (2) area under the precision-recall curve
(AUPRC↑); and (3) false positive rate at 80% true positive
rate (FPR80↓), where the arrow indicates the direction of im-
provement of the metrics. These three metrics are commonly
used for evaluating OOD detection methods, and the results
are reported in Table V. As can be seen, OP-MECO performs
the best under three different criteria in all cases, implying the
effectiveness of the proposed method.

C. Learning on Real Image Dataset

Finally, we test our method on two real image datasets,
MNIST [80] and CIFAR-10 [74]. We describe the setup and the
results of MNIST in this subsection, and the results of CIFAR-
10 can be found in the Appendix, available online. For the
MNIST task, following the same setup in TRE [81], the model
takes the form of p0(x; θ) = ef0(x;θ), where f0(x; θ) is the
18-layer ResNet [82]. For NCE, eNCE, and our method, we try
three different noise distributions: 1) the empirical distribution
Dn = {x1, . . . ,xn}; 2) multivariate Gaussian distribution, with
mean and covariance fitted by the training data; 3) mixture of
distributionDn and a multivariate Gaussian distribution. We find
the last one is the best choice for all methods. We use Adam to
optimize, and generate new samples via MCMC sampling after
training. The generated samples of our method with different
noises are shown in the Appendix, available online, and the result
with the third noise distribution is presented in Fig. 4.

We also evaluate the learned model via estimated average
negative log-likelihood (bits per dimension) on the testing sets
in Table VI, which is computed by the annealed importance
sampling (AIS) [83]. We also compare our method with some
other methods, including MCMC-OT [84] and CF-EBM [85].
As can be seen, our method attains a better likelihood than other
methods, indicating that the proposed method performs better
in this task.

VIII. CONCLUSION

In this paper, we investigate the problem of learning unnor-
malized models by maximum likelihood estimation. By intro-
ducing a noise distribution, we cast the problem as compositional
optimization and utilize stochastic algorithms to solve it. Specif-
ically, we first introduce the MECO algorithm that achieves
sub-optimal convergence rates for non-convex, convex, and PL
functions. Then, we design a parameter-free variant of MECO,
reducing the burden on hyperparameter tuning. Next, we develop
an optimal version of the MECO algorithm, obtaining optimal
convergence for different types of functions. By analyzing the
relationship between convergence rate and the choice of noise
distribution, we give some suggestions for selecting an appro-
priate noise distribution. Besides, we employ one-dimensional
Gaussian mean estimation as a case study to show the better loss
landscape of our loss compared with the NCE loss, and the fast
convergence of the proposed method. Finally, experiments on
practical problems demonstrate the effectiveness of the proposed
method.
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